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Let $\gamma$ be a closed $C\underline’$ curve of length $L$ in the 2-dimensional Euclidean space
$E^{2}$ . Let $s$ be an arclength parameter of $\gamma$ and $k$ be the signed curvature of $\gamma$ . If
$n$ denotes the rotational number of $\gamma$ , we have
$\int_{\gamma}kds=2_{\mathit{1}}\sim_{1}n$ . (1)







When $n\neq 0$ , the equality holds if and only if $\gamma$ is the $n$-time covering of a circle of
radius $L/2\pi n$ . Looking at this, we would like to consider the following question:
How close is $\gamma$ to a circle when $\int_{\gamma}k^{9}arrow d_{S}-(2_{J}\sim_{\mathrm{I}}n)2/L$ is close to zero ? Our first
theorem gives an allswer to this question.
Theorem 1. Let $\epsilon$ be any positive constant. Let $\gamma$ be a closed curve of length $L$
in $E^{2}$ with rotational number $n\neq 0$ . If
$\int_{\gamma}k^{2}ds<\frac{(2_{\overline{\mathit{1}(}}\uparrow\tau)^{2}}{L}+\cdot\frac{2\pi^{2}?x^{2}\mathcal{E}^{2}}{L^{3}}$ ,
then $\gamma$ lies between two concentric circles of radii $r$ and $R$ with $|R-r|<\epsilon$ .
A similar problem can be considered for a simple closed curve in the $2-\mathrm{d}\mathrm{i}_{1}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}_{0}\mathrm{n}\mathrm{a}1$
unit sphere $S^{2}$ . If $\gamma$ is an oriented simple closed $C^{2}$ curve in $S^{2}$ which has length
$L\leq 2\pi$ and bounds the region of area $A$ , we have
$\int_{\gamma}kd_{S}=2_{\mathcal{T}}|$ –A. (2)
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By Cauchy-Schwarz inequality and the isoperimetric inequality










When $L\leq 2\pi$ , the equality holds if and only if $\gamma$ is a small circle. When $\int_{\gamma}k^{2}ds$
is “almost” equal to $(4_{\overline{l|}}2-L^{2})/L$ , we have the following theorem.
Theorem2. Let $\epsilon$ be any positive constant less than $\pi/2$ . Let $\gamma$ be a simple
closed curve of length $L\leq 2\pi$ in $S^{2}$ . If
$\mathit{1}_{\gamma}^{k^{2}d_{S<}}.\frac{4\pi^{2}-L^{2}}{L}+\frac{1}{8\pi}\epsilon^{\underline{9}}$ ,
then 7 lies between two concentric small circles of radii $r$ and $R$ with $|R-r|<\epsilon$ .
Now we would like to look at a curve of infinite length in $E^{2}$ . Let $\gamma$ : $x(s)$
be a curve in $E^{2}$ which is parameterized by alclength $s$ for -co $<s<\infty$ . If
$k(s)=0$ for all $s,$ $\gamma \mathrm{i}\mathrm{s}_{i}$ of course, a straight line. If $k(s)$ decays to zero in a certain
order as $sarrow\pm\infty,$ $\gamma$ has an $\mathrm{a}\mathrm{s}\mathrm{y}_{1}\mathrm{n}\mathrm{p}\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{i}\mathrm{c}$ line on each end. In [1] it was shown
that if $\gamma$ is properly $\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{S}\mathrm{e}\mathrm{d}$ and there exist positive constants $C_{0}$ and $\epsilon$ such
that $|k(s)||x(s)|\underline’+\in\leq C_{0}$ holds for all $s$ , then each end of $C$ has an asymptotic
line. Here an asymptotic line means a straight line $\ell$ : $y(t)$ which has a property
that the function $h(s):= \inf_{t}|x(s)-y(t)|$ tends to zero as $sarrow+\infty$ or $sarrow-\infty$ . If
$|k(s)||x(S)|2+\epsilon$ is bounded, we have $\int_{-\infty}^{\infty}|k(s)||x(\mathit{8})|dS<\infty$ . In our third theorem,
we will show that this condition is sufficient for $\gamma$ to have an asymptotic line on
each end.
Theorem 3. Let $\gamma$ : $x(s)$ be a curve in $E^{2}$ which is parameterized by arclength
$s\mathrm{f}\mathrm{o}\mathrm{r}-\infty<s<\infty$ . If $\int_{-\infty}^{\infty}|k(s)||X(S)|dS<\infty$ , then $\gamma$ is properly immersed and
has an asymptotic line on each end.
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\S 1. Proof of Theorem 1
We have




$=$ $\frac{1}{2}.\int_{0}^{L}(k(s)-\frac{2\uparrow\tau\prime\tau}{L}\mathrm{I}^{\sim}’ ds.$ (4)
We set $k_{0}=2n\pi/L$ . Since $?l\neq 0,$ $k_{0}\neq 0$ . Suppose that
$\int_{\gamma}k^{2}ds-\frac{(2\gamma_{1}\uparrow 1)^{2}}{L}<\delta$ . (5)
Then (4) and (5) give
$. \int_{0}^{L}(k(S)-k\mathrm{o})^{2}ds<2\delta$ . (6)
(6) means that $k(s)$ is close to $k_{0}$ except for a set of a small measure. But, ill
general, this does not imply that $\gamma$ is close to a circle.
Let $e(s)$ be the unit norlnal vector of $\gamma$ with $\frac{d^{2}\gamma}{ds^{2}}=-ke$ . We may assume that
$\gamma(0)=(\frac{1}{k_{0}}\rangle 0)$ , $\frac{d\gamma}{ds}(0)=(0,1)$ , $e(0)=( \frac{k_{0}}{|k_{0}|}.’ 0)$ .
For all $s\in[0, L]$ we have













$|\gamma(_{S)|}$ $\leq$ $| \frac{1}{k_{0}^{\rho}}e(S)|+|\gamma(s)-\frac{1}{k_{0}}e(S)|$
$\leq$
$. \frac{L}{2_{T}\prime\cdot|?\iota|}+\frac{\sqrt{2\delta L^{3}}}{2\pi|?l|}$ (8)
and
$|\gamma(_{S)|}$ $\geq$ $| \frac{1}{k_{0}^{\wedge}}e(S)|-|\frac{1}{k_{0}^{\wedge}}e(S)-\gamma(_{S})|$
$\sqrt{2\delta L^{3}}$
$\geq$ $\frac{L}{2_{J\mathrm{T}}^{J}|?\mathrm{t}|}-\overline{2_{J}arrow|\downarrow n|}$ . (9)
Hence $\gamma$ lies between two concentric circles of radii $., \frac{L}{2\tau|n|}-\frac{\sqrt{2\delta L^{3}}}{2J\tau|?l|}$
alld $\frac{L}{2\pi|??|}+\frac{\sqrt{2\delta L^{3}}}{2\pi|n|}$ . This proves Theorem 1 by setting
$\delta=\frac{\mathit{2}\overline{\mathit{1}\mathfrak{l}}?\underline{9}9\underline{9}\tau^{arrow C}}{L^{3}}\vee$ .
Relnark. When $\gamma$ is a silnple closed convex plane curve with bounding area
$A$ , Theorem 1 is obt,ained from Gage’s inequality ([2])
$\overline{J1}^{\frac{L}{A}}\leq\int_{\gamma}k^{2}ds$
$\mathrm{a}\iota \mathrm{l}\mathrm{d}$ the $\mathrm{i}\mathrm{s}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{i}_{1}\mathrm{n}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{C}$ inequality of Bonnesen type
$L^{2}-4’\sim 1A\geq J\sim^{\underline{9}}|(R-\Gamma)^{2}$ .
Note that Gage’s inequality does not hold for nonconvex culves.
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$L^{2}-4\pi A+A^{2}<L\delta$ . (11)
The isoperimetric inequality given by Osserman ([3]) states
$L^{\underline{)}}-4 \pi A+A^{2}\underline{>}(L-\cot\frac{r}{2}A)^{2}$ , (12)




Another inequality obtained from (11) and (12) is
$0\leq L^{2}-4’\sim A^{2}\mathfrak{l}A+<L\delta$ . (14)




holds. By reversing the orientation of $\gamma$ if necessary, we may assume that (15)
holds.
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Now we assume that $\delta<L$ . Then, combining (13) and (15), we obtain
$\frac{L-\sqrt{L\delta}}{2\pi-\sqrt{4\pi^{2}-L^{2}}}<\cot\frac{r}{2}<\frac{L+\sqrt{L\delta}}{2\pi-\sqrt{4\pi^{2}-L^{2}+L\delta}}$,
or equivalently,
2 $\arctan(\frac{2\pi-\sqrt{4\pi^{2}-L^{2}+L\delta}}{L+\sqrt{L\delta}})<r<2$ arcta.n $( \frac{2\pi-\sqrt{4\pi^{2}-L^{2}}}{L-\sqrt{L\delta}})$ . (17)
Let $\gamma_{-}$ be the curve which is identical to 7 except for the $01^{\backslash }\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ . Since (16)
holds for $\gamma_{-}$ , the radius $r_{-}$ of the inscribed circle of $\gamma$-satisfies
2 $\arctan(\frac{2_{\mathit{1}\downarrow}^{\wedge}+\sqrt{4\pi\sim’-L^{\underline{9}}}}{L+\sqrt{L\delta}})<r_{-}<\mathit{2}\arctan(\frac{2\pi+\sqrt{4\pi^{\tau_{l}}arrow-L^{2}+L\delta}}{L-\sqrt{L\delta}})$ . (18)
Let $R$ be the radius of the circumscribed circle of $\gamma$ . Since $R=\pi-r_{-}$ , we have
$, \sim_{\mathrm{I}}-\mathit{2}\arctan(\frac{2_{\overline{J|}}+\sqrt{4_{J}\tau-2L2+L\delta}}{L-\sqrt{L\delta}})$ $<$ $R$
$<$ . $\overline{\mathit{1}\mathrm{t}}-2\arctan(\frac{2\pi+\sqrt{4^{\sim_{1}}\prime^{2}-L^{2}}}{L+\sqrt{L\delta}})$ . (19)
It follows from (17) and (19) that
$R-\uparrow$ . $<$ $\overline{\prime}\ulcorner-2\arctan(\frac{\mathit{2}_{J}^{-\ulcorner+\sqrt{4_{\overline{J|}}\underline{)}-Larrow)}}}{L+\sqrt{L\delta}})$
$-2 \arctan(\frac{2\pi-\sqrt{4\pi^{2}-L^{2}+L\delta}}{L+\sqrt{L\delta}})$ . (20)
Set
$\alpha=\frac{2\pi+\sqrt{4\pi-L^{2}}}{L+\sqrt{L\delta}}\underline’$. $’ \theta=\frac{2_{\overline{J}\Gamma}-\sqrt{4\pi^{\underline{)}}-L^{2}+L\delta}}{L+\sqrt{L\delta}}$.
Then we see that
$\tan(\pi-2\alpha-2\beta)=2(\frac{\alpha+_{l}\theta}{1-\alpha\theta},)((\frac{\alpha+\theta}{1-\alpha\beta})^{\underline{9}}-1)^{-1}$ (21)



















$\approx$ 7.48, . $.$ .
Thus, for any positive constant $\epsilon<\pi/\mathit{2}$ , if
$\delta\leq\frac{L^{\tau}2}{c\frac{9}{1}}\vee$ , (24)
then $R-?\cdot\leq\tan(R-r)<\epsilon$ . Note that the $\mathrm{r}\mathrm{e}\mathrm{q}_{\mathrm{U}}\mathrm{i}\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}$ that $\delta<\frac{L}{16}$ is a $\iota\iota \mathrm{t}_{01}\mathrm{n}\mathrm{a}\mathrm{t}-$
ically satisfied since $\epsilon<\frac{\sim J1}{2}$ . This proves Theorem 2 except for curves of length
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close to zero. For curves with $0<L<\pi$ , we use
$\beta\geq\frac{2\pi-\sqrt{4\pi^{2}-L^{2}}-\frac{L\delta}{2\sqrt{4\pi^{2}-L^{2}}}}{L+\sqrt{L\delta}}$ , (25)

















$\approx$ 0.73 $\cdots$ .
Thus, for any positive constant $\epsilon<\pi/2$ , if we have
$0<L<’\tau$ , $\delta<\frac{\epsilon^{2}}{C_{2}^{2}}$ , $\delta<\frac{L}{16}$ (27)
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then $R-r\leq\tan(R-r)<\epsilon$ .
The remaining case is when $0<L<\pi$ and $\delta\geq\frac{L}{16}$ . In this case, we take
$\delta=\frac{\epsilon^{2}}{8\pi}$ . (28)
Then we have
$L \leq 16\delta<\frac{2^{c^{\underline{9}}}}{\pi}<\epsilon\vee$ .
Hence $R-r<\vee c$ .
Now the proof of $\dot{\mathrm{T}}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}2^{\wedge}$ is complete from (24), (27), (28) and
$\min\{\frac{\pi}{(_{J^{-}}^{2}1},,$ $\frac{1}{C_{2}^{2}},$ $\frac{1}{8\pi}\}=\frac{1}{8\pi}$ .
\S 3. Proof of Theorem 3
First we show that $\gamma$ is properly imlnersed. Since $|k(S)||X(S)|\geq 0,$ $/0\mathrm{c}^{\gamma}|k(s)||x(S)|ds$
$\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}\mathrm{s}$ to solne positive constant $A$ . Set $r(s)=|x(s)|$ . $\mathrm{t}\mathrm{R}^{\gamma}\mathrm{e}$ have
$\frac{dr^{2}}{ds}(s)-\frac{d_{l^{\underline{9}}}}{ds},(0)$
$=$ $J_{0}^{S}. \frac{darrow r^{2})}{ds^{2}}..d_{S}$
$=$ $\int_{0}^{\mathrm{e}}..(2\langle\frac{dx}{cls}., \frac{clx}{ds}\rangle+\mathit{2}\langle_{X\frac{d^{2}x}{ds^{\mathit{2}}}\rangle \mathrm{I}},.ds$
$\geq$ $/0^{\cdot}s(2- \mathit{2}|_{X}(S)||\frac{d^{2}x}{ds^{9}}. |)ds$
$\geq$ $2s-\mathit{2}A$ .
This shows that $\frac{dr^{2}}{ds}-\infty$ as $sarrow\infty$ . Hence $|x(s)|arrow\infty|$ as $sarrow\infty$ . A similar
argument shows that $|x(S)|-1\infty$ as $sarrow-\infty$ . Thus $\gamma$ is properly imlnersed.
As the second step, we show that $\lim_{sarrow\infty}x^{1}(S)$ and $. \lim_{\backslash arrow-\infty}x\perp(s)$ exist, where
$x^{\perp}(s)=x(s)- \langle x(s), \frac{dx}{ds}\rangle\frac{dx}{ds}$ . It follows $\mathrm{f}1\cdot 0\ln J^{\infty}0|k(s)||x(S)|dS=A$ that, for any
$\vee\tau>0$ , there exists $s_{0}>0$ such that $\int_{\backslash _{1}}^{\mathrm{c}}\mathrm{s}_{2}|k(s)||X(s)|ds<\epsilon$ for any $s_{1,}.S_{2}\geq s_{0}$ .
Since
$| \frac{dx^{\perp}}{ds}|^{2}$
$=$ $| \frac{dx}{ds}-\langle\frac{dx}{ds}, \frac{dx}{ds}\rangle\frac{d\prime c}{ds}.-\langle x(S), \frac{d^{-}x}{ds^{2}},\rangle\frac{dx}{ds}-\langle X(s), \frac{dx}{ds}\rangle\frac{d^{2}x}{ds^{\underline{9}}}|^{\underline{9}}$








This shows that $\lim x^{\perp}(s)$ exist,s. Similarly, $\lim x^{\perp}(s)$ exists.
$sarrow\infty$ $s–\infty$
Set $x_{\infty}^{\perp}= \lim_{sarrow\infty}x(\perp)S$ . Now we show that $\lim_{sarrow\infty}\langle x(\mathrm{T}s), x_{\infty}\perp\rangle=0$ , where $x^{\mathrm{T}}(s)=$
$dxdx$
$\langle x(s))\overline{d_{S}}\rangle_{\overline{d}}s$ . Let $\theta(s)$ be the angle between $x^{\perp}(s)$ aiid $x_{\infty}^{\perp}$ . Then we have
$| \frac{d\theta}{ds}|=|k^{\circ}(s)|$
and
$|\langle x^{\mathrm{T}}(_{S}), x_{\infty \mathrm{L}}^{\perp}\rangle|$ $\leq$ $|x(s)||x_{\vee}|\perp \mathrm{u}|\sin\theta(S)|$
$\leq$ $|x(s)||X|\perp\infty|\theta(S)|$ .
As above, let $s_{0}$ be a positive constant such that $J_{s_{\mathrm{O}}}^{\vee\infty}|k(s)||x(s)|ds<\epsilon$ . For any
$s\geq s_{0}$ we have










$sarrow\infty 1\mathrm{i}\iota \mathrm{n}\langle X(s)-x_{\infty}^{\perp\perp}, x_{\infty}\rangle=0$ .
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This shows that the straight line $l:=\{y.‘\langle y-x_{\infty}^{\perp\perp}, X\rangle\infty=0\}$ is an asymptotic line
$\mathrm{o}\mathrm{f}\gamma$ .
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